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SUMMARY

The first six moments are given for four equations commonly used to describe
mass transfer in packed beds. In each case the first ordinary moment is found to
be independent of the mechanism of mass transfer. The skewness and kurtosis vary
as N-% and N-1, respectively, where N is the number of theoretical plates. For
a sufficiently large number of theoretical plates all models converge to a Gaussian
curve,

INTRODUCTION AND DEFINITIONS

Many important processes, such as gas adsorption, liquid extraction, gas
chromatography (GC), and catalytic processing, are based in part on dynamic par-
titioning between a moving and a stationary phase. The problem of obtaining
an adequate mathematical description of these processes has been attacked again
and again from a number of viewpoints, but the main contributions have been from
two fields: chemical engineering and GC. In this paper we use a standard mathe-
matical method of analysis by moments to compare the most common equations
for mass transfer in packed beds.

The number of different equations proposed for describing dynamic adsorptlon
is a result of the mathematical difficulty of the problem. Most theories of dynamic

adsorption consider only one or two mechanisms of mass transfer, although a
number of mechanisms could be important. Further these theories usually include
additional simplifying assumptions such as a linear partition isotherm, constant

- diffusion coefficients for diffusion in both the mobile and stationary phases, a dilute
concentration of adsorbate in the mobile phase, and a constant temperature
across the adsorption bed. In spite of these and other simpliﬁcations, the final
expressions are usually quite complex and their use requires the help of tables
and/or computers. The complexity of these expressions prevents them from giving
- a clear insight into their physmal nature.

. Analysis by moments is a very powerful mathematical tool and can be used

- as a means of comparing the previously derived equations for breakthrough curves.
I‘rom ‘an experimental viewpoint only the first five or six moments need be cal-
,culated the “higher moments are difﬁcult to determine from expemmental data
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2 0. GRUBNER, D. UNDERHILL

For this reason the first six moments characterize a breakthrough curve as accurately
as is needed for a comparison between theory and experiment, and to support
this view we w:ll give here the first six statistical moments calculated from some
of the well known theories of GC.

The moments given here are the temporal moments, 7.c., calculated using
powers of the time coordinate. If these moments are taken about ¢ = o, this defines
the ordinary temporal moments.

(oo
M; = tiC(t)dt (1)
Jo
The central temporal moments are calculated about the first ordinary moment, viz.,
)
M;=| (¢t—=M)e(ndt (2)
W o

A well known method of calculating ordinary moments uses the zth derivative of
the Laplace transform of ¢(?). If

é(s) = Le(r) | | (3)
the 7th ordinary moment is

M= (- D'lim %= & (9) (@
=0 dsi

By expanding eqn. 2, the ith central moment is found to be

i i -1
=M, - iM;_ M+ -— € )Ml—2M1 o (5)
These calculations can be spegded up by taking
. E(S) - e—as-l-bsl-csi‘-l-ds‘-'s’-l-fsﬁ (6)
From eqns. 4 and 5 it follows that :
My =a (7a-f)
M = Zb
M3 = 6¢

M, = 12b? 4 24d

Mg = 120(bc + e)

Mg = 120(b® + 6bd + 3¢? + 6f)
Using these moments we define the number of theoretical plates, IV, the skewness,
Y1 and the kurtosis, y,, as “follows:

M,?
- Mz (8)
M, ) '
?l. Mzg. (9)"'!»
. o
—Ms | |
meuETs | o @
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MASS TRANSFER IN PACKED BEDS 3
ANALYSIS OF EQUATIONS

The theovetical chambey model

The first widely used theory! of peak spreadlng in chromatography assumed
that the column could be visualized as a series of equivolume .chambers, and
that in each chamber a rapid mixing of sorbate took place. These assumptlons
lead directly to an equation for the breakthrough curve, for if there is perfect
mixing of a unit pulse input in the first chamber, the output from that chamber
must be proportional to the quantity of sorbate remaining in the chamber, i.c.,

c(t) = t£ e~ (pt/te) ' -’ ‘ © (1)
b f
where
#is the number of theoretlcal chambers
I» is the flowthrough time for the entire column, calculated as

. ty= ([1 — agfk + &)x : ' (12)

where

¢ is the fractional interparticle volume

V is the superficial carrier gas velocity

x is the length of the column ‘

k is the partition coefficient for the sorbate between equal volumes of mobile
and stationary phase, dimensionless.

The Laplace transform of the output from the first chamber is

E(s) = +sty/p)™* . ' ' ' o - (3)
and from s chambers in series ‘ ' "

i=p , . . - . |
@) =1 el | ; | (14)
= (1 + st,/p) " ; - s
This last equation can be inverted to give - o C

Pptp-'1 : v(f'/"ﬁ) ‘ | " R ‘
e(t) = ——— e e o (.. (@16
® r'(p)(t,)” : = . o : : .( ‘

However, inversions are not always simple to obtain or once obtained, the
most useful way to characterize the effects of mass transfer in the column."

Let us look at what can be determined from the Laplace transform, eqn. 15,
without going through the inversion procedure. Eqn. 15 can be rewritten as

¢ (s) =e” {p In {%’-’- + I}}

s ) sy + sty s’ }

S(s) = e~ d " — +
¢ e{ 2p 3p> 4p*  sp*  6p°

or

CREY (17)

\
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4 O. GRUBNER, D. UNDERHILL

from which, by eqn. 7

M,=t, M4 = 3t,*(1/p® + 2/p?) (18a-f)
M, =1t2p = 4t,°(5/p® + 6/p*)
My = 24,3/ My = 120t {_L 13 +_l_}

13 v [P 6= b 8p° | 12p° | p°

These moments give detailed information about the nature of the break- ™

through curve. For example, the average holdup time, given by M,, is independent
of the number of theoretical chambers. Furthermore, the number of theoretical
plates, calculated from the first and second moments of eqn. 7 is precisely equal
to the number of theoretical chambers.

The skewness of the curve, and the kurtosis are, 1n order,

=2/{Pp (19)

Y2 =6/p (20)
Both the skewness and kurtosis are useful parameters to characterize breakthrough
curves, but from the equations for the moments it is seen that with p>>rxo,
M, ~ 3M 2 These last results tell us that for large p the breakthrough curve so
closely approximates a Gaussian curve that experimental measurements of the
difference are difficult to obtain.

Film limited mass {vansfer

The first widely used theory? in chemical engineering to describe mass transfer
in packed beds relied on the concept that mass transfer between the moving and
the stationary phase is limited by diffusion through a thin film separating the
phases. This can be regarded as a more complex theoretical chamber model in which
the basic assumptions are now: (1) the stationary phase consists of an infinite num-
ber of chambers; (2) in each chamber there is a rapid mixing of sorbate and
(3) the rate of mass transfer between a chamber and the moving phase is proportional
to the difference in equilibrium between these phases.

The assumptions listed above lead rapidly to an equation for a breakthrough
curve. If a mass transfer function, g(¢), is defined as the rate of transfer of sorbate
to the stationary phase following exposure to a unit concentration of sorbate in
a unit volume of mobile phase starting at time, ¢ = o, then

f g@de = L=y _ oo | (21)

where « is the time constant for mass transfer (sec™?).
The differential equation describing mass transfer in the column is

e

Y 2c) + = f c(?)g(t — 7)dz + oc(t) | | : (22)
g Ox ;
The Laplace transforms of these last two equa.tions are, respectively,
(1 — ko - o ' .
g(s) = @t | ,. (23)
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MASS TRANSFER IN PACKED BEDS ' 5

and
: dg(s) + 58(s)* B(s) + s6(s) = 0 . (24)
By integration
-~ — -(sx/V) (I bl s)k“
c(s)=e¢e {—“ TS + a} (25)
or
2(s) = e~ G =tstt=okav1 {1 = =+ (2)* - (=) + ()} (26)
So
5. = ([1 —elk 4+ &)x , (27a-f)
1= v
_2(1 —&)kx
M. ===5
6(1 — 8)kx
My = 2L = 20X
3 Vo
12(1 — 8)%k3x?  24(1 — &)kx
M, = +
¢ Vie? . Vel
(1 —8)’k3x®* (a1 -— s)kx}
Ms =120 +
* { Vi3 Vat

(- e)’kx® | o(1 —e)?k*x®  6(1 — s)kx}
Mg = 120 + -+
¢ { Viad V3t Vo®
From these moments we can calculate the basic properties of the break-
through curve. The number of theoretical plates, as defined by eqn. 8 is

([1 — eJk + £)*xa
2(1 — e)kV (28)

The skewness is

N =

| 4
V1=3 A/z(l — &)kxo, (29)
and the kurtosis
6V
Y2 = (1 = gyl | (30)

These last three equations give the basic properties of the breakthrough
curve in a simple but exact form, and in each equation the effect of the physical
parameters on mass transfer can be seen clearly. For example,. the number of
theoretical plates, the skewness, and the kurtosis vary as the superficial velocity
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6 O. GRUBNER, D. UNDERHILL

to the —1, 1/2 and 1 power, respectively. Instead of calculating moments from
eqn. 25 we have the alternative of inversion. This particular equation for c(f) is well
known?, its use involves a modified Bessel function of order one, and it must be
admitted that at least part of our incentive for the use of moment analysis is our
difficulty to visualize directly the properties of the breakthrough curve from this
function.

Intraparticle diffusion

The more recent theories of chromatography consider in detail the processes
of diffusion that take place in the interparticle and intraparticle spaces. We will
show here, how analysis by moments can reduce these seemingly complex equations

to simple understandable forms.

For mass transfer controlled by diffusion into homogeneous spheres, the
mass transfer function, g(s), is equal tot

- 12(1 — 8)kD { [sd,? [Jsd 2 l }

s) = coth | —1 1

where

dp = sorbent particle diameter (cm)

D = intraparticle diffusion coefficient (cm?/sec).
Expanding the above function into an infinite seriesleads to

M= ([x —s{ﬁc + &)x | (32a-f)
_(1—2kx | d,?
Mz="—p {350}
G —e)kx | d,?
Ms=15"—y {350}

| _Ja=skx)?fa? 45 (1 —e)kx | dy2|*
M4—3{ V } 30D +—7- vV 30D
_ 150 J(1 = &)kx|? | d,%|® (t—okx | d,2*
Ms==3 { v } {30D *+ 1875 5y 30D
_ (a —8)kx|®§ dp?® , 6975 f(1 —o)kx|? | d,21*
MG_IS{ v } 30§ + 49 v 300
L 777375(1 — e)kx dp"}s

7007V 130D
a.nd from these moments

N = ([xt — ek + &)%x {30D
(1T =8)kv d,’

TR s 2ol £ oz 5 N .
‘3’1‘=7A/(1—s)kx4/{3c:D}, ‘ N &7))
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MASS TRANSFER IN PACKED BEDS 7

45 _V dp’. - |

72 = 7 (1 = e)kx {30D} (35)
and these factors, as in the previous example, give the effect of the physical param-
eters on the shape of the breakthrough curve.

If an equation for the breakthrough curve is needed, the simplest procedure
is to use the moments given above with either an Edgeworth or Gramm-Charlier
series. The alternate procedure of the inversion of the Laplace transform, ¢(s), cannot
be done in terms simpler than an infinite integral.

Inteyparticle diffusion

For mass transfer controlled by dlffusmn in the interparticle space, the
differential equation is

&%) V éc(r) I—g dc(t) _
Dﬂ"é’,?"?"a'}‘_{("_a")k""}_ét_"° | - GO

where Dy = interparticle diffusion coefficient (cm?/sec).
The Laplace transform of the above equation is

- i ° ,
D, ddigs) _ _ls: dg}(:) — {(L:g_f) k -+ 1} i@)=o0 N & 7))

from which on integration it follows that:

o=e (W) 2[5 3 9

This last equation can be inverted to give:

__ve
(1—8)k +1

(39)
k 4 1}

The square root factor in the exponent of eqn. 38 can be written as a binomial
expansion; once this is done it is not difficult to find that:

M, =1t, | (40a~f)
Mz = tbz/N .
M, = 3t,%/N?

M, = t,*(3/N* + 15/N?)

M = 1,°(30/N? + 105/N*)

Mg = 1,5(15/N* + 315/N* + 945/N°)
where NV, to be consistent with eqn. 8, is

xV
N = 2D,e - (41)
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8 0. GRUBNER, D. UNDERHILL
COMPARISON OF BREAKTEROUGH CURVES

Having calculated the moments from four well known chromatographic
theories, let us look at their similarities and differences. For each theory the
average holdup time, M, is independent of the mechanism of mass transfer and
equal exactly to the flowthrough time, #. This independence permits us to
calculate from a measured M, value the partition coefficient, %, without having
to correct for mass transfer effects.

Table T lists the skewness and kurtosis calculated from these breakthrough
curves. One simplification has been made, namely (1-g)>> ¢, and this was
needed only for the cases of film controlled and intraparticle diffusion controlled
mass transfer. Note that in each model the skewness and kurtosis vary as N—%
and N-! power, respectively. Furthermore, the numerical coefficients for the skew-
ness are not highly different from each other. The same is true, to a lesser degree,
of the numerical coefficients for the kurtosis. Another point that we wish to make
is that for NV = 100 or greater, these curves become quite similar and differences
between them, if perfect physical models of each could be constructed, would be
difficult to measure experimentally. Finally, and this has been the main point of
the paper, the effect of various physical parameters on the nature of a breakthrough
curve can be rapidly determined through moment analysis.

TABLEI

VALULS FOR SKEWNESS (§;) AND KURTOSIS (,) CALCULATED FROM EREAKTHROUGH CURVES BASED
ON DIFFERENT MODELS

Mode! Y1 Vs
Theoretical chamber 2/VN 6/N

Film controlled diffusion 3/2V' N 3N
Intraparticle diffusion 15/(7V N) 45/7N
Interparticle diffusion 3/VN 15/N

LIST OF SYMBOLS

M, 7th central moment (sec?)

My - ith ordinary moment (sec?)

! ,. Time following injection of sorbate into column (sec)
c(?) Effluent outflow of sorbate at time ¢

s Laplace coordinate (sec1)

a, b, ¢, d, e, f Coefficients for s

x Length of column (cm)

N Number of theoretical plates

Y1 Skewness

Yo Kurtosis

b Flowthrough time (sec)

£ Fractional interparticle volume

vV Superficial carrier gas velocity (cm/sec)
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MASS TRANSEFER IN PACKED BEDS 9

k Partition coefficient
Number of theoretical chambers
g(?) Function for interphase mass transfer (sec™?)
o Time constant for interphase mass transfer (sec™1)
T Integration parameter (sec)
D Intraparticle diffusion coefficient (cm2/sec)
dp Sorbent particle diameter (cm)
Dy Interparticle diffusion coefficient (cm?2/sec)
ACKNOWLEDGEMENTS

The research described in this paper was performed with financial support
from the U.S. Atomic Energy Commission (Contract AT (x1-x)30rg) and the U.S.
Department of Health, Education, and Welfare (Center Grant ESo00002).

REFERENCES

1 A. J. P. MARTIN AND R, L. M. SYNGE, Biochem. J., 35 (1941) 1358,

2 O. A, HouGgEN AND W. R, MARSHALL, Chem., Eng. Prog., 43 (1947) 197.

3 J. F. Young, in V. J. Coates (Editor), Gas Chvomatography Symposium 1957, Academic Press,
New York, 1958,

4 J. B. RoseN J. Chem. Phys., 2o (1952) 387.

J+ Chromatogr., 73 (2972) 1—9



